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ABSTRACT. We investigate the projective complexity of the solvability
of a Borel family of linear equations over a finite field. Answering a
question of Thornton, we show that this problem is already hard, namely
> i-complete. Hence, the split between easy and hard problems is at a
different place in the Borel case than in the case of the CSP Dichotomy.

1. INTRODUCTION

One of the most prominent directions of modern descriptive set theory
is descriptive graph combinatorics, that is, considering definable versions of
finite graph theoretic notions on definable graphs (see, e.g., [12, [10, [14]).
In particular, Borel colorings of Borel graphs play an important role in
this area. Recall that a Borel graph G on a Borel space X is a symmetric
Borel subset of X? disjoint from the diagonal. A Borel coloring of G for

n € {2,3,...,Np} with n-many colors is a proper n-coloring so that all the
color classes are Borel, i.e., a Borel map ¢ : X — n so that if (z,y) € G then
c(z) # c(y).

It has been shown in [I7] (see also [3]) that deciding Borel n-colorability of
a Borel graph is as hard as it gets, namely 3i-complete for any finite n > 3
(see Section [2 for the definitions). In contrast, deciding Borel 2-colorability
is simpler, it is IT}, see, e.g., [6].

Clearly, a Borel n-coloring is the same as a Borel homomorphism to K,
the complete graph on n-vertices. Thus, it makes sense to consider the
complexity of the Borel homomorphism problem to a given finite graph, or
more generally, to a finite relational structure.

Let L be a relational language with relations (R;)i<k, having arity n;.
A Borel L-structure G on the Borel (underlying) space X is a collection of
Borel sets ng C X™_. A Borel homomorphism between L-structures is a
Borel map between the underlying spaces, which maps R;-related tuples to
R;-related tuples for each ¢. Note that finite L-structures are also Borel with
the trivial Borel structure.

Thornton in [I6] has initiated a systematic study of the complexity of
homomoprhism problems of the following form:

Given a finite L-structure H and a Borel L-structure G,

does G admit a Borel homomorphism to H?
1
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This is motivated by the deep theory (see, e.g., [2]) of constraint satisfaction
problems (CSPs) in computational complexity and the recent classification
theorem of Bulatov [4] and Zhuk [I§], which states that a homomorphism
problem is either in P or NP-complete (of course, this is not known to be
exclusive). Moreover, there is a complete algebraic understanding, in terms
of H, of the homomorphism problems that are going to be easy.

Based on the distinction between 2 and 3-colorability in the Borel context
mentioned above, one might hope to detect the same split between easy and
hard problems. Since in the Borel context it can be shown that the classes
IT} and 21 do not coincide, this would be even more intriguing (note that
this would give no information about finite separation, nevertheless). To
this end, based on the complexity result in [I7] and the algebraic theory
in [5], Thornton has proved that if the H-homomorphism is known to be
NP-complete then the corresponding Borel version is 2%—complete.

The hoped result, however, turns out to be false, as we show below. The
difference between the two contexts will be shown using systems of linear
equations over a finite field. A system of linear equations over a finite field
IF is easily seen to be equivalent to one where every equation contains < n-
many variables (this can be done by introducing dummy variables, see, e.g.,
[16, Section 2]). Such systems in turn can be encoded by homomorphisms
to a finite structure, with universe IF and n-ary relations encoding the value
of the sums of the given three elements of the field. For example, for Fo
and equations of size < 3, the resulting finite structure is a structure on
{0,1} with two trenary relations Ry and R; so that (zg,z1,72) € {0,1}3 is
in relation R; iff xg + x1 + x2 = i. Hence solving systems of linear equations
are particular instances of homomorphism problems.

Clearly, by Gaussian elimination, these can be solved in polynomial time
in the finite case. In contrast, we show the following.

Theorem 1.1. Deciding the solvability of Borel systems of linear equations
over a finite field F is X3-complete.

Our proof has two steps. First, we consider coloring problems of countably
infinite dimensional hypergraphs, which turn out to be already complicated
to decide (Theorem . We believe that this result could be interesting
on its own. Second, based on the graph Gg of Kechris-Solecki-Todorc¢evié
[11], we construct infinite gadgets, which allow us to reduce the hypergraph
coloring problems to solving systems of linear equations.

Roadmap. Section [2| contains the necessary technical preliminaries. In
Section |3 we show the complexity of 2-colorings for infinite dimensional hy-
pergraphs, while Section [d] contains the gadget construction. In all the cases,
we prove the results for F = Fy first and then indicate what to modify for
general finite fields. Finally, in Section [5| we formulate some open problems.
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2. PRELIMINARIES

2.1. Coding. Borel, analytic, co-analytic and projections of co-analytic sets
are denoted by Al 31 TIl, 31 see [9] for the basic results about these
classes.

First we need to fix an encoding of Borel sets. Let X be a Polish space
there are sets BC(X), A(X), and C(X) with properties summarized below.

Proposition 2.1. (see [13, 3.H])

e BC(X) c ITI(NY), A(X) € Z}(NY x X), C(X) e ITH(NY x X),

o for c € BC(X) and v € X we have (c,z) € A(X) < (¢x) €
C(x),

e if P is a Polish space and B € A}(P x X) then there exists a Borel
map f: P — NN so that ran(f) € BC(X) and for every p € P we

have A(X) ) = By

Let A be a family of subsets of Polish spaces. Recall that a subset A of a
Polish space X is A-hard, if for every Y Polish and B € A(Y") there exists
a continuous map f: Y — X with f~1(A) = B. A set is A-complete if it is
A-hard and in A.

Now we can define what we mean by some collection being 33-complete.

Definition 2.2. Let C be a collection of Borel objects and I be a family of
sets. We say that C is T if for any Polish space X we have BC(X)NC is T.
If for some X the set is I'-hard, then C is said to be I'-complete.

In all of our considerations, the class C is going to be invariant under
Borel isomorphisms of the underlying space, hence we can forget about the
existential quantifier in the above definition. Also, note that in the case of
2%-hardness, which is our main interest, the existence of a continuous map
f above can be relaxed to the existence of a Borel map (in fact, to something
even weaker, see [15]).

A slight technical strengthening of this notion is the following. In practice,
we will always get this stronger variant.

Definition 2.3. Let C be a collection of Borel objects and I' be a family of
sets. We say that C is uniformly I'-hard if there are Polish spaces Z and X
and a Borel set B C Z x X so that {z : B, € C} is I'-hard.
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2.2. Borel CSPs. We will need a more general class of structures than
the ones defined in the introduction (i.e., we want to allow relations of
infinite arities). Let L be a signature consisting of relations (R;); of finite
or countably infinite arities (r;);, respectively. A Borel (relational) structure
G on the space X is a collection of Borel subsets GRi C X", If G and H
are Borel relational structures with the same signature, on spaces X and
Y, a Borel homomorphism from G to H is a Borel map ¢ : X — Y so that
ViVa (r € RY = é(x) € RI), where ¢(z) is the sequence obtained by
applying ¢ to x elementwise. If B is a Borel subset of X, the restriction of
G to B is the structure on B with the relations B™ N Rig.

For a Borel structure H, the Borel homomorphism problem to H is denoted
by C'SPp(H). This problem is said to be in I" if the codes of the structures
that admit a Borel homomorphism to H form a set in I', and we apply a
similar convention to being I'-hard, etc.

The easy upper bound on the complexity is X3 (see []]):

Proposition 2.4. CSPg(H) is 31, for any Borel structure H.

It is convenient to define a notion of reduction between Borel CSPs. Let
L be a language with relations (R;);, having arities r;. Let Y = |, X™. For
a space Z, a Z-parametrized Borel family of L-structures on the space X is
a Borel subset of Z x Y, where Z is any Borel space. For z € Z the set B,
is interpreted as an L-structure where RlB == X""NB,.

Definition 2.5. Let L and L’ be relational languages and H and H’' Borel
structures in the respective languages. We say that CSPp(H) uniformly
Borel reduces to CSP(H') if for any Z-parametrized Borel family B of L-
structures, there is a Z-parametrized Borel family of L'-structures B’ so that
B, admits a Borel homomorphism to  iff B, admits a Borel homomorphism

to H'.
The following is clear from the definitions and Proposition [2:1]

Proposition 2.6. Assume that CSPp(H) wuniformly Borel reduces to
CSPg(H') and that CSPg(H) is uniformly X-hard. Then so is CSPg(H').

If F is a finite field, C'SPp(FF) will stand for the homomorphism problem
encoding systems of linear equations over F, as has been described in the
introduction. Nevertheless, we will use the more intuitive description in
terms of equations when we talk about these. Moreover, if the equations are
defined on the underlying space Y, we will denote the variable corresponding
to an element y € Y by .

We will also use the term N-dimensional Borel hypergraph for a Borel
L-structure, where L contains a single relation of arity Ng.

2.3. Complexity. The most important tool (and essentially the only tool
which we are aware of) to establish complexity results of this type is the
usage of non-dominating sets. Recall that [N]N is the collection of infinite
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subsets of the natural numbers. We identify elements of [N]N with their
increasing enumeration. If z,y € [N]Y let us use the notation y < x in the
case the set {n : y(n) < xz(n)} is infinite and y <* x if it is co-finite. Set
D={(z,y) :y <z},
The following is a consequence of a general theorem in [I7] and has been
isolated in [§].

Theorem 2.7. Let ‘H be a Borel structure on some Polish space X and
assume that there exists a Borel structure G on [N]N that does not admit
a Borel homomorphism to H and a Borel map ¥ : [N]N x [N]N¥ — X so0
that for each f we have that Wy is a homomorphism from G | Dy to H.
Then the Borel structures which admit a Borel homomorphism to H form a
SL-complete set, in fact, CSPg(H) is uniformly 3i-hard.

3. EVENTUALLY WEAKLY ALTERNATING 2-COLORINGS

The first step of our proof is to show that the homomorphism problem to
a certain infinite dimensional Borel hypergraph is E%—complete. Essentially,
the hypergraph will encode 2-colorings, which eventually alternate along
every hyperedge, in the following sense.

Definition 3.1. Let x € 2. We say that x eventually weakly alternates, if
there is some g, such that for all i > iy we have x(2i) # z(2i + 1).

Let Hy be the hypergraph on the set {0,1} containing the hyperedges
that eventually weakly alternate.

Now we have the following theorem.

Theorem 3.2. The collection of N-dimensional Borel hypergraphs admitting
a homomorphism to Hy is Xi-complete. In fact, CSPg(Hy) is uniformly
1 -hard.

In order to show this theorem we will use Theorem 2.7 We will also make
a critical use of the shift-map S on [N]Y, that is, the map defined by

S(x) ==\ {z(0)}.
Define a hypergraph H on [N]Y as follows.
Definition 3.3. For z € [N]N let H, be a hyperedge defined as
H,(2i) = {x(0), 2(1)} U S™2 (),
and
H,(2i 4+ 1) = {z(1)} U S"2(x).
Let H = {H, :x € [N]N}.
Observe that for each ¢ and x we have H,(2i + 1) = S(H,(27)).

Proposition 3.4. H does not admit a Borel homomorphism to Hy.
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Proof. If h : [N]Y — 2 was a Borel homomorphism then h is constant on a
set of the form [z]" by the Galvin-Prikry theorem (see [9, Section 19.C]),
but ran(H,) C [z]", a contradiction. O

Proposition 3.5. There is a Borel map ¥ : D — 2 such that for each
f € [N]N we have that Vs is a Borel homomorphism from H | Dy to Hy.

Proof. Given f, we will construct the desired homomorphism ¥ and it
will be clear from the construction that ¥ is Borel. The following claim is
immediate.

Claim 3.6. Let f'(n) = f(n?) forn > 1, and f'(0) =
x € Dy there exists an i such that |x N [f'(n), f'(n+1))| >

Let

0. Then for all
3.
A={zeDs:|zn[f'(n), f(n+1)) =3,

where n is minimal with |z N [f(n), f'(n + 1))| # 0}.
Now we define the mapping ¥, : Dy — 2 by letting

() 1, if the minimal I with S'(z) € A is even
) =
f 0, otherwise.

It follows from Claim that h(z) is well-defined for each x € Dy. Let us
make an easy observation.

Claim 3.7. If y,S(y) are not elements of A, then h(y) # h(S(y)).
The next lemma will be sufficient to finish the proof of Proposition
Lemma 3.8. For each z € [N]Y the set ANran(H,) is finite.

Proof. Let n be such that z(0),z(1) < f’(n). Then there is an | with
SH(x)(0) & [0, f'(n)). Then for every j with j/2 > | — 2, we have that
1 < |Hz(7)N[0, f'(n))| < 2, since this set is either only {z(0)} or {z(0),z(1)}.
In particular, the first interval determined by f’ which intersects H,(j)
contains at most these two elements, so H,(j) ¢ A. O

Thus, the combination of Lemma and Claim yields that Uy is a
homomoprhism to Hy. [l

Proof of Theorem[3.4 Now, Theorem [3.2] follows from Propositions [3.4] -
and Theorem 2.7

3.1. Fields of characteristic p. A straightforward modification of the re-
sult in this section will needed for general finite fields. Fix a field F of
characteristic p.

Definition 3.9. Let x € FY. We say that = eventually weakly p-alternates,
if there is some %, such that for all 7 > iy we have that the sequence

Z z(pi+j) =1

0<j<p—-1
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Let H} be the hypergraph on the set F containing the hyperedges that
eventually weakly p-alternate.

Now we have the following theorem.

Theorem 3.10. The collection of N-dimensional Borel hypergraphs admit-
ting a homomorphism to HY is Si-complete. In fact, CSPg(Hy) is uni-
formly 1-hard.

Let us quickly indicate how to show this theorem. The corresponding
hypergraph HP is defined as follows:

Definition 3.11. For z € [N]Y let H, be a hyperedge defined as
Hy(pi+j) = {z(j), ... a(p — 1)} US™P (),
and HP = {H, : x € [N]V}.

The analogue of Proposition clearly holds. As for Proposition [3.5] one
defines the set

Ap={z €Dy :|zN[f(n), f(n+ 1) =p+1,
where n is minimal with |z N [f'(n), f'(n + 1))| # 0}.
and the mapping W : Dy — 2 by letting

W () 1, if the minimal [ with S'(z) € A is divisible by p
xr) =
f 0, otherwise.

It is easy to check that this works.

4. THE GADGETS

In this section we prove that the previously defined hypergraph coloring
problems can be encoded using systems of linear equations.

Theorem 4.1. To each N-dimensional Borel hypergraph H we can associate
a Borel system of linear equations Ay over Fy so that Ay admits a Borel
solution, if an only if H admits a Borel homomorphism to Hy. In fact,
CSPp(Hy) uniformly reduces to CSPp(F2).

In order to prove this theorem, we will need an infinitary gadget. This
relies on a strong failure of compactness in the Borel case.

Proposition 4.2 (Gadget construction). There exists a Borel system of
linear equations over Fy on some space A, denoted by Ay, which has a
distinguished collection (z;)ien of variables so that a map ¢ : {x; : i €
N} — Fo can be extended to a Borel solution to Ay if and only if (¢(x;));
eventually weakly alternates.

Moreover, this can be dome in a uniform manner, that is, there exists
a Borel map ¢ : 2V x A — Fo, so that if z = (¢(;)); eventually weakly
alternates then ¢, extends (¢(x;)); to a solution.
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The below construction is a version of the construction of the graph Gy
from the seminal paper of Kechris-Solecki-Todorcevié [I1]. Essentially, every
vertex of Gy will serve as a variable, and to edges we associate pairs of
distinguished variables. If ¢(z2;) # ¢(x2i+1), then the two variable along all
corresponding edges must be equal, if not, they must be distinct. A single
Go-type copy would ensure that there is no Borel homomorphism ¢, in which
there are only finitely elements i with ¢(x9;) # ¢(x2;+1), and we construct
one for every possible infinite subset of i’s (the first coordinate below).

Proof of Proposition[/.3 Fix a sequence s,, € 2" which is dense, that is, for
every t € 2<N there exists an n with ¢t T s,. The underlying space A of the
systems of linear equations is going to be [N]N x 2¥ N, where N will be the
collection of distinguished variables.

For r € [N]N, u,v € 2V, j € 2,7 € N add the equation

(4.1) T(ru) + T(rw) + Tor() + Tor(i+1 = 1
ifu=s"(j) "candv=s; " (1—4) " c for some c € 2".

Claim 4.3. Assume that ¢ : {x; : i € N} — 2 is a map so that there is an
infinite set of i’s with ¢(xe;) = ¢(wei+1). Then ¢ does not extend to a Borel
solution.

Proof. Let r be the set of such is, and assume that ¢ is a Borel extension.
Then there exists a t € 2<N and an j € {0,1} so that N; \ $~1(j), is meager
in N;. By density, there is an ¢ with ¢t C s;. It follows by a standard Baire
category argument that there are u,v € Ny, and ¢ € 2" such that q@(x(T,u)) =
B{(ray) and u = 57 (0) " cand v = 57 (1) . But ¢(zar() = 6(waiyi):
contradicting . O

Claim 4.4. Assume that ¢ : {x; : i € N} — 2 is a map so that (¢(z;))ien
eventually weakly alternates. Then ¢ extends to a Borel solution.

Proof. Let ig be such that ¢(z2;) # ¢(z2i4+1) for all i > i5. We will commit
to defining an extension which is constant on sets of the form {r} x N;
whenever ¢t € 2, and only depends on r(j) for j < i, ensuring that the
resulting map is continuous. Note that this commitment is consistent with
([.1)), since r(i) > i.

Now, define a graph G on 2 by connecting u,v if there is an n with
u=38, (¢) candv =35, (1—¢)  cwith ¢ € 200771 An easy induction
shows that this graph is acyclic.

Fix an r € [N]N. Starting from a vertex of G, coloring inductively the
neighbors, we can define a coloring 1, : 2°0 — 2 so that for (u,v) € 2% we
have

(4.2) Yr(u) = Vr(v) = O(T2rs)) # P(T2r(i)+1);

where u = s; " (¢) "cand v =s; ~ (1 —¢) " c¢. Clearly, there is exactly
one such an ¢, thus from acyclicity of G we get that such a coloring can be
constructed.
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Finally, for v € 2V let gE(az(T’u)) = .(u [ ig). It is clear that ¢ is continu-
ous, and we check that it is indeed a solution: indeed, assume that

Z(ru) T T(rw) + T2r(i) T Tor@)41 = 1

)

is Ag withu=1s;" (0) "candv=ys; " (1) c. If i > ip, then

¢(x(r,u)) = wr(u r ZO) = ¢T(U r 7’0) = (E(x(r,v))a
so together with ¢(7a,(;)) # #(T2r(;)41) We have . In case i < ig

guarantees that (4.1 holds.
O

It is clear from the construction of the coloring in Claim that it is
performed in a uniform manner in z = (¢(x;));, in fact the extension only

depends on the first 2ig coordinates z, yielding the second claim of Propo-
sition 0

All that is left to prove Theorem is to glue Ag type gadgets along each
hyperedge, and check that this construction works.

Proof Theorem[{.1. Let H be an N-dimensional Borel hypergraph on a space
X, and identify H with its edge set H C XN. Let Ag be the system defined
in Proposition on the space A = Yy UN. We define a Borel system of
linear equations Ag on the space X U XY x A by adding for all H € H the
equation ) ¥(pq,) = 1, whenever » z,; =1 is in Ap, and moreover, for all
a€X

(4.3) Ta = T(H,), if @ = H(i).

Assume that Ay has a Borel solution ¢. Then ¢ | X is a Borel map to
{0,1} and if H € Ey then (¢(xp(;)); must be eventually weakly alternat-
ing: if it was not, then ¢ | {H} x A would be a solution of Ay where the
distinguished variables, (z(g;)); get values that are note eventually alternat-
ing, contradicting Proposition [4.2] Thus, H admits a Borel homomorphism
to H().

Conversely, if H admits a Borel homomorphism v to Hp, then we can
define a Borel solution ¢ to Ay by letting ¢(x,) = (a) and ¢(z(g,)) =
¢-(y), where z = 1(H (i))sen and the map ¢, is from Proposition Since
this map is Borel, the resulting ¢ is going to be Borel as well. By its
definition, ¢ obeys all the equations coming from Ay, and moreover (4.3) is
satisfied, as whenever a = H (i) and z = (¢¥(H(7))); we have

¢(2a) = P(a) = Y(H (D)) = 2(i) = ¢=(2:) = P2 ().
It is clear from the construction of H +— H 4 is a uniform Borel reduction.
O

Now, a combination of Theorem and Theorem yields our main
result for Fs:

Corollary 4.5. CSPg(Fs) is uniformly Xi-complete.
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4.1. Fields of characteristic p and the main theorem. Fix again a
finite field ' of characteristic p. We indicate the required modifications.

Theorem 4.6. To each N-dimensional Borel hypergraph H we can associate
a Borel system of linear equations Ay over F so that Ay admits a Borel
solution, if an only if H admits a Borel homomorphism to HY. In fact,
CSPp(HY) uniformly Borel reduces to CSPg(F).

The gadget now looks the following way.

Proposition 4.7 (Gadget construction). There ezists a Borel system of
linear equations over F, AS which has a distinguished collection (x;)ien of
variables so that a map ¢ : {x; : i € N} — F can be extended to a Borel
solution to Ab if and only if (¢(x;)); eventually weakly p-alternates.

Moreover, this can be done in a uniform manner, that is, there exists
a Borel map ¢ : 2N x A — F, so that if z = (¢(x;)); eventually weakly
p-alternates then ¢, extends (¢(x;)); to a solution.

Proof of Proposition[{.7. Fix a sequence s,, € p" which is dense, that is, for
every t € p<N there exists an n with ¢t C s,. The underlying space of the
systems of linear equations is going to be [N]Y x p™ LN, and for r € [N]N,
u;j € pY add the equation

(44) Z 'I('r,u]-) + Z xpr(i)—&—j =1
0<j<p—-1 0<j<p—1
if uj = s; " (j) " c for some ¢ € pY and 0 < j < p— 1. By F having
characteristic, p this is implies that
(V3,5 T(ruy) = T(ru;) = Z Tpr(i)+5 = 1.
0<j<p—-1
Using this equation, similarly to the proof of Claim we get:

Claim 4.8. Assume that ¢ : {z; : i € N} — F is a map so that there is an
infinite set of i’s with ), d(xpitj) # 1, i.e., (#(xi)); is not weakly eventually
p-alternating. Then ¢ does not extend to a Borel solution.

Finally, let us check the analogue of Claim [£.4] This is essentially the
only place where something slightly different is needed.

Claim 4.9. Assume that ¢ : {x; : i € N} — F is a map so that (¢(x;))ien
eventually weakly alternates. Then ¢ extends to a Borel solution of Ap.

Proof. Let ig be such that Zogjgp—l Tpr(iy4j = 1 for all @ > 4p. Define a
hypergraph G on p% so that (uj)j<p—1 forms a hyperedge if there is an n
with uj = s, ~ () ~ ¢ with ¢ € p~""1. An easy induction shows that this
hypergraph is acyclic as well.

Subclaim 4.10. Assume that A is a finite system of linear equations over
F so that the hypergraph on the variables where the edges correspond to the
equations is acyclic. Then A is solvable.
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Proof of Subclaim [{.10. Starting from any equation, set values to the vari-
ables one-by-one, continuing with any equation which has both set and unset
values if there is such. O

—~

Using this, we can define a map t, : p® — F so that if u; = s; ~ (j) "¢

then
Z ¢T(uj) + Z Qs(xpr(i)-‘rj) =1
0<j<p-1 0<j<p—1
Finally, for u € pY letting gg(ac(r,u)) = Yy (u [ ig) works as before.
O

This finishes the construction of our gadget and the proof of Proposition
4.2] O

Using Proposition [£.7] the same way as Proposition has been used,
yields Theorem Finally, combining this with Theorem and Propo-
sition [2.6] gives the main result:

Corollary 4.11 (Theorem . CSPg(F) is uniformly 3i-complete.

5. FURTHER PROBLEMS AND OBSERVATIONS

Homomorphism problems that do not reduce systems of linear equations
are also an important class in the theory of CSPs: they coincide with the
class of so called bounded width CSPs, and they are solvable by relatively
simple algorithms, called datalog programs (see, e.g., [I] or [2]). It follows
from Thornton’s work and our main theorem that homomorphism problems
which are not bounded width are necessarily X1-complete in the Borel case.

Let us reiterate a possible scenario suggested in Thornton’s work, namely,
that bounded width is exactly the boundary between easy and hard problems
in the Borel case.

Conjecture 5.1. A homomorphism problem is I iff it is not E%—complete
iff it is bounded width.

Since polymorphisms play a crucial role in the theory of CSPs, it is to be
expected that they will play such a role in the Borel context. Recall that
a polymorphism of H is just a homomorphism H™ — H, where H" is the
categorical power of H. Clearly, projections are always polymorphisms, and,
roughly speaking, the CSP Dichotomy says that the homomorphism problem
to H is in P, once H admits a non-trivial polymorphism, and otherwise it
is NP-complete.

In order to Borelize this notion, it is natural to consider Borel polymor-
phisms from HY — H. A first attempt in defining a non-triviality notion
for Borel polymorphisms could be as follows: call a Borel polymorphism
non-trivial if it is not continuous. We have the following observation.

Proposition 5.2. e There is no mon-trivial Borel polymorphism
KY — Kj.
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e There is no non-trivial Borel polymorphism Fy — Fy.
e There is a non-trivial Borel polymorphism K§ — Ks.

Hence it seems that such a notion (or a similar one) might be a good
explanation for the complexity phenomenon discussed in this paper. Thus,
the next problem is rather natural (see also [7] for related recent results).

Problem 5.3. Develop the theory of Borel polymorphisms.

(1]

2l
3]

(4]

5]

(10]
(11]
(12]
(13]
(14]

[15]
[16]

(17]

(18]
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